A multicone graph is obtained from the join of a clique and a regular graph. Let P and Kw denote the Petersen graph and a complete graph on w vertices, respectively. In this paper, we show that multicone graphs Kw ▽ P are determined by their signless Laplacian spectra, their Laplacian spectra, their complement with respect to signless Laplacian spectra, and their adjacency spectra.
Introduction
Let G = (V, E) be a simple graph with the vertex set V = V (G) = {v 1 , · · · , v n } and the edge set E = E(G) = {e 1 , · · · , e m }. Denote by d(v) the degree of vertex v. All notions on graphs that are not defined here may be found in [5, 6, 8, 16, 20, 24] . The join of two graphs G and H is a graph formed from disjoint copies of G and H by connecting any vertex of G to any vertex of H. The join of two graphs G and H is denoted by G ▽ H. Let A(G) be the (0, 1)-adjacency matrix of graph G. Let q 1 , q 2 , · · · , q n be the distinct eigenvalues of G with multiplicities m 1 , m 2 , · · · , m n , respectively. The multi-set of eigenvalues of Q(G) is called the signless Laplacian spectrum of G.
The matrices L(G) = D(G) − A(G) and Q(G) = D(G) + A(G) are called the Laplacian matrix and the signless Laplacian matrix of G, respectively, where D(G) is the degree matrix. Note that D(G) is diagonal. The multi-set Spec
mn } of eigenvalues of Q(G) is called the signless Laplacian spectrum of G, where m i denote the multiplicity of λ i and q 1 ≥ q 2 ≥ · · · ≥ q n . The Laplacian spectrum is defined analogously. The multiset of eigenvalues of Q G (resp. L G , A G ) is called the Q-spectrum (resp. L-spectrum, A-spectrum) of G. For any bipartite graph, its Q-spectrum coincides with its L-spectrum. Two graphs are Q-cospectral (resp. L-cospectral, A-cospectral) if they have the same Q-spectrum (resp. L-spectrum, A-spectrum). A graph G is said to be DQS (resp. DLS, DAS) if there is no other non-isomorphic graph Q-cospectral (resp. L-cospectral, A-cospectral) with G. Up to now, only some graphs with special structures are shown to be determined by their spectra (DS, for short) (see [1-4, 7, 9-11, 14, 16, 18, 19, 22, 23] and the references cited in them). Van Dam and Haemers [21] conjectured that almost all graphs are determined by their spectra. Nevertheless, the set of graphs that are known to be detrmined by their spectra is too small. So, discovering infinite classes of graphs that are determined by their spectra can be an interesting problem. About the background of the question " Which graphs are determined by their spectrum?", we refer to [21] . In this work, we show that the multicone graphs K w ▽ P are determined by their signless Laplacian spectrum, their complement with respect to signless Laplacian spectra, their adjacency spectrum and their Laplacian spectrum.
Julius Petersen (1839-1910) was a Danish mathematician. Around 1898 he constructed the graph bearing his name as the smallest counterexample against the claim that a connected bridgeless cubic graph has an edge colouring with three colours. The Petersen graph is an undirected graph with 10 vertices and 15 edges. It is a small graph that serves as a useful example and counterexample for many problems in graph theory. The Petersen graph is named after Julius Petersen, who in 1898 constructed it to be the smallest bridgeless cubic graph with no three-edge-coloring [25] . This paper is organized as follows. In Section 2, we review some basic information and preliminaries. Then in Section 3.1, we show that any graph Q-spectral with a (complement of) multicone graph K w ▽ P is DS. In Section 4, we show that these graphs are determined by their Laplacian spectrum. In Section 5, we prove that these graphs are determined by their adjacency spectrum.
Some definitions and preliminaries
In this section, we recall some results that play an important role throughout this paper.
Lemma 2.1 ( [7] ). Let G be a graph with n vertices, m edges, t triangles and the vertex degrees 
Lemma 2.4 ( [7, 16] ). Let G be a connected graph of order n (n > 1) with the minimum degree δ. Then q n < δ.
Lemma 2.5 ( [16]
). For i = 1, 2, let G i be an r i -regular graph on n i vertices. Then
where f (x) = x 2 − (2(r 1 + r 2 ) + (n 1 + n 2 ))x + 2(2r 1 r 2 + r 1 n 1 + r 2 n 2 ).
Lemma 2.6 ( [7]
). Let G be a graph on n vertices with the vertex degrees
where (i, j) runs over all pairs of adjacent vertices of G.
Lemma 2.7 ( [7]
). Let G be a graph with maximum degree d 1 and second maximum degree
A connected bipartite graph is called balanced if the sizes of its vertex classes are equal, and unbalanced otherwise. An isolated vertex is considered to be an unbalanced bipartite graph (see [12] ). 
Lemma 2.10 ( [22]). A connected bipartite graph G has three distinct eigenvalues if and only if it is either a complete regular bipartite graph or a star. In this case G is Laplacian integral, i.e., the Laplacian eigenvalues of G are integral.

Proposition 2.1 ( [12])
. Let G be an r-regular graph on n vertices and let q 1 ≥ q 1 ≥ · · · ≥ q n be the signless Laplacian eigenvalues of Q(G). Then q 1 = 2(n − r − 1) and q i = n − 2 − q n−i+2 for i = 2, 3, · · · , n, where q i 's denote the signless Laplacian eigenvalues of G. The adjacency spectrum of the Petersen graph P is as follows:
4 (see [6] ). 
The spectral radius of a graph Λ is the largest eigenvalue of its adjacency matrix and it is denoted by ̺(Λ). A graph is called bidegreed, if the set of degrees of its vertices consists only of two elements. Theorem 2.2 gives an upper bound on the spectral radius. For further information about this inequality we refer the reader to [23] (see the first paragraph after Corollary 2.2 and also Theorem 2.1 of [23] ). In [23] , it is stated that if G is disconnected, then the equality holds. However, in this paper we only consider connected cases and we state the equality in this case. 
. 
Equality holds if and only if G is either a regular graph or a bidegreed graph in which each vertex is of degree either
δ or n − 1.
Theorem 2.3 ( [1-4, 18, 19]). Let G and H be two graphs with the Laplacian spectrum
T as an eigenvector for ̺(G). 
Proposition 3.1. The signless Laplacian spectrum of the multicone graph K 1 ▽ P is:
Proof. By Lemma 2.5 the result follows (see also Theorem 3.1 of [7] ).
Theorem 3.1. The multicone graph K 1 ▽ P is DS with respect to its signless Laplacian spectra.
Proof. It is easy and straightforward to see that there is no disconnected graph which is Q-spectral with the multicone graph 
where, for example (4) 1 , (5) 4 , (6) 1 denotes the vertex degrees of any graph Q-spectral with the multicone graph K 1 ▽ P and (4) 1 means that one vertex of degree 4. But, all the above cases contradict the fact that 
Proof. By Lemma 2.5 the result follows (see also Corollary 3.1 of [17] ).
Theorem 3.2. The multicone graph K 2 ▽ P is DS with respect to its signless Laplacian spectra.
Proof. Let G be Q-spectral with the multicone graph K 2 ▽ P . By Lemma 2.6 we deduce that q 1 (G) ≥ 13.64.
On the other hand, it follows from Lemma 2.4 that δ > q 12 = 3 (It is straightforward to see that any graph which is Q-spectral with the multicone graph K 2 ▽ P is connected). By Now, we show that the multicone graphs K w ▽ P are DS with respect to their signless Laplacian spectra. To do so, we need one lemma.
Lemma 3.1. Let G be a graph of order n. If n − 2 is one of the signless Laplacian eigenvalues of G with the multiplicity of at least 2 and q 1 (G) > n − 2, then G is the join of two graphs.
Proof. By Lemma 2.8 G has either at least 2 balanced bipartite components or at least 3 bipartite components. In other words, G is disconnected. Thus G is connected and it is the join of two graphs. 
It is clear that P Q(H) (x) = P Q(P ) (x) = P A(P ) (x − 6) and so P Q(H) (x + 6) = P Q(P ) (x + 6) = P A(P ) (x). Therefore, H ∼ = P (see [21, Proposition 3] ). This implies that Γ = wK 1 ∪ P . Consequently, Γ ∼ = K w ▽ P . This completes the proof.
In the following, we show that multicone graph K w ▽ P is DS with respect to its Laplacian spectrum.
4 The spectral determinations of the multicone graphs K w ▽ P with respect to Laplacian spectrum. Proof. We solve the theorem by induction on w. For w = 1, the proof is clear (see Theorem 2.3 and Theorem 2.4). Let the claim be true for w; that is, let G 1 be a graph such that
Then
then G ∼ = K w+1 ▽ P . It follows from Theorem 2.4 that G 1 and G are join of two graphs. On the other hand, G has one vertex and 10 + w edges more than G 1 . Hence we must have G ∼ = K 1 ▽ G 1 . Now, the result follows from the induction hypothesis.
5 The spectral determinations of the multicone graphs K w ▽ P with respect to adjacency spectrum Proposition 5.1. The adjacency spectrum of the multicone graphs K w ▽ P is: 
Proof. Assume that δ(G) = w + 8 + x, where x is an integer. First, it is clear that in this case the equality in Theorem 2.2 happens, if and only if x = 0. We show that x = 0. We suppose by contrary that x = 0. It follows from Theorem 2.2 together with Proposition 5.1 that
where the integer numbers k and l denote the number of edges and the number of vertices of the graph G, respectively. For convenience, we let B = 8k − 4l(w + 3) + (w + 4) 2 ≥ 0 and C = w + 4 − 2l, and also let
We consider two cases: Case 1. x < 0. It is easy and straightforward to see that | √ B − B + g(x)| > |x|, since x < 0. Transposing and squaring yields 2B + g(x) − 2 B(B + g(x)) > x 2 .
Replacing g(x) by x 2 + 2Cx, we get B + Cx > B(B + x 2 + 2Cx).
Obviously Cx ≥ 0. Squaring again and simplifying yields
Therefore k < l(l−1)
2 . So, if x < 0, then G cannot be a complete graph. In other words, if G is a complete graph, then x > 0. Or one can say that if G is a complete graph, then: δ(G) > w + 3 ( †).
Case 2. x > 0. In the same way of Case 1, we can conclude that if G is a complete graph, then: δ(G) < w + 3 ( ‡).
But, Eqs. ( †) and ( ‡) does not happen in the same time. Hence we must have x = 0. Therefore, the assertion holds.
In the next lemma, we show that any graph cospectral with a multicone graph K w ▽ P must be bidegreed.
Lemma 5.2. Let G be cospectral with a multicone graph K w ▽ P . Then G is bidegreed in which any vertex of G is of degree w + 3 or w + 9.
Proof. By Theorem 2.5, G is not regular. Now, the result follows from Lemma 5.1 together with Theorem 2.2.
Theorem 5.1. The multicone graphs K w ▽ P are determined by their adjacency spectra.
Proof. Let Spec A (Γ) = Spec A (K w ▽ P ). By Lemma 5.2, Γ has a graph as its subgraph in which the degree of any its vertex is w + 8 (w vertices of Γ is of degree w + 8). In other words, Γ ∼ = K w ▽ H, where H is a subgraph of G. Now, we remove all vertices of K w and we consider another 10 vertices. The degree of regularity the obtained graph consisting of these vertices is 3. Consider H consisting of these 10 vertices. H is regular and degree of its regularity is 3. By Theorem 2.1, Spec A (H) = Spec A (P ) = [3] 1 , [1]
Hence H ∼ = P . This completes the proof.
